Abstract. Let C be a smooth projective curve of genus g ≥ 2 and L be a line bundle on C of degree d. Let M := SU C (r, L) be the moduli space of stable vector bundles on C of rank r with the fixed determinant L. [7] has proved that if g ≥ 3, then any rational curve ϕ : P 1 → M passing through the generic point has the degree at least 2r; and it has degree 2r iff it is a Hecke curve unless g = 3, r = 2 and d is even. I give a description of any rational curve, and prove that any rational curve on M is a generalized Hecke curve (it is a generalization of Hecke curve). I also prove that when (r, d) = r, the moduli space M is covered by lines. For the case (r, d) < r, [3] claims that the lines fill up a closed subvariety of M . I study the closed subvariety and determine the number of the irreducible components and the dimension of each irreducible component when g > (r, d) + 1. As an application, I prove that there is no (1, 0)-stable (resp., (0, 1)-stable) bundles for g = 2, r = 2 and d is odd.
introduction
Let C be a smooth projective curve of genus g ≥ 2 and L be a line bundle on C of degree d. Let M := SU C (r, L) be the moduli space of stable vector bundles on C of rank r with the fixed determinant L, which is a smooth quasi-projective curve Fano variety with Picard number 1 and is projective if (r, d) = 1. For any rational curve ϕ : P 1 → M, we can define its degree degϕ * (−K M ) with respect to the ample anticanonical line bundle −K M , and we call ϕ a line if degϕ * (−K M ) equals to 2(r, d) which is the index of X. The following Theorem is proved by Sun in [7] , which answers a question of Jun-Muk Hwang (see Question 1 in [2] ): Theorem 1.1. [7, Theorem 1] If g ≥ 3, then any rational curve ϕ : P 1 → M passing through the generic point has degree at least 2r. It has degree 2r if and only if it is a Hecke curve unless g = 3, r = 2 and d is even.
In this note, I generalized the definition of Hecke curve and proved that any rational curve can been obtained as a generalized Hecke curve (which is obviously a rational curve by definition below). Theorem 1.2. If g ≥ 2, then any rational curve of M is a generalized Hecke curve.
[3] has found all lines of M, and points out M is generally covered by lines when (r, d) = r; the lines fill up a closed subset of M when (r, d) < r. In the section 4, I proved that for the case (r, d) = r, M is covered by lines. For the case (r, d) < r, the lines of M fill up a closed subvariety S. I go to study the closed subvariety S, and determine the number of the irreducible components and the dimension of each irreducible component when g > (r, d) + 1. As an application of lines on M, I prove that there is no (1, 0)-stable (resp., (0, 1)-stable) bundles for g = 2, r = 2 and d is odd.
Here, I sketch the proof of Theorem 1.2. Let E be a vector bundle on X = C × P 1 that induces the morphism ϕ : P 1 → M. By some operations, we can get a vector bundle G which has generic splitting type (0 ⊕r ) and G| C×x is stable for generic points of P 1 ; so it induces a rational map P 1 M which can be extended to be the morphism P 1 ϕ − → M. Suppose G has jumping lines X p j (j ∈ J and J is a set consisting of points in C), i.e, ) different from (0 ⊕r ). Denote the anti-ample summand of G| Xp j by G j , and its degree by d j . By a computation, we can get c 2 (G) = − j d j , and this force G to be an extension
be the homomorphisms between the fibers at p j induced by the sheaf injection V → G x . Then the Hecke modification {( W [ker(lx,p j )] ); x ∈ P 1 } of V are exactly {G x ; x ∈ P 1 }. Thus the given curve is a generalized Hecke curve by definition.
Hecke curve and generalized hecke curve
For a vector bundle V on a smooth curve C and a subspace K ⊂ V p , where V p is the fiber of V at a point p ∈ C, there are two canonical constructions called Hecke modifications defined as follows:
Remark 2.1. These two Hecke modification can also been defined at a set of points {x i } i∈I in the same way.
In what follows, we adopt notations of [1] and [2] . For any [W ] ∈ M, let P(W ) be the projective bundle consisting of lines through the origin on each fiber. For p ∈ C and ς ∈ P(W ∨ p ), define a vector bundle W ς , which is the Hecke modification of
where ς ⊥ denotes the hyperplane in W p annihilated by ς. 
where
will define a rational curve passing through [W ] ∈ M. Such a rational curve in M is called a Hecke curve. By [5] , it can be shown that a Hecke curve is smooth and has degree 2r with respect to −K M .
For the use in the paper, I need to generalize the Hecke curve. Here, let's fix a set of points {x i } i∈I of C and number {n i } i∈I with 0 < n i < r. Now, let W be a vector bundle, and G(W, n i ) be the Grassmannian bundle consisting of n i -dimensional vector subspace through the origin on each fiber. For all points x i ∈ C with ς i ∈ G(W
, which is the Hecke modification of W along
→ W x i be the homomorphism between the fibers at x i induced by the sheaf injection
and W is in fact the Hecke modification
and for − → l = ker( − → ι ),
will define a rational map P 1 M. Denote U(r, L) be the moduli space of semistable bundles on C with rank r and the fixed determinant bundle L, from the regularity of P 1 and the properness of U(r, L), it actually define a morphism
Definition 2.2. If the morphism defined above is not constant and its image is contained in M, we call it a generalized Hecke curve; obviously, a generalized Hecke curve is a rational curve of M.
Given two nonnegative integers k, l, a vector bundle W of rank r and degree d on C is (k, l)-stable, if, for each proper subbundle 
The rational curve on the moduli space
In this section, I go to study the rational curve on the moduli space, and prove that all rational the curves are the generalized Hecke curves. In general, there is no universal bundle on C × M, but there exist vector bundle End 0 and projective bundle P on C × M such that
Let π : X = C × P 1 → P 1 and f : X = C × P 1 → C be the projections. Then for any locally free sheaf E on the ruled surface X, its restriction to a generic fiber f −1 (ξ) = X ξ has the form
The α = (α
is called the generic splitting type of E. Any such E admits a relative Harder-Narasimhan filtration
of which the quotient sheaves F i = E i /E i−1 are torsion free with generic splitting type (α
, thus they have generic splitting type (0 ⊕r i ) respectively. Without risk of confusion, we denote the degree of F i (respectively, E i ) on the general fiber of π by deg(F i ) (respectively, deg(E i )). Accordingly, µ(E i ) (respectively, µ(E)) denotes the slope of E i (respectively, E) to the general fiber of π respectively. Then we have the following so called Sun's degree formula (see formula (2.2) in [7] and denote degϕ * (−K M ) by ∆(E)) which would be used in section 4:
For F i is locally free on the generic fiber of f , there is an open affine subset U of C (denote the embedding by i) such that F i are locally free on U × P 1 . Fix a point p ∈ P 1 (denote the embedding by j), then F 1 | U ×p is a direct summand of E| U ×p , and we can fix a morphism E| U ×p → F 1 | U ×p . Now, we have the following morphism φ:
Given an open subset i : U → C and a vector bundle F of rank s, then the sheaf i * F is quasi coherent and flat over C.
Proof. The sheaf i * F is quasi-coherent for U is noetherian (see [6, Chapter II, Proposition 5.18]).
In order to prove the flatness, it's enough to show there is an open affine covering U = {U i } such that the module Γ(U i , i * F ) = Γ(U i ∩U, F ) ia a flat A i module, where U i = spec(A i ). Let V ⊂ U be the open subset such that F | V is free and U − V is nonempty. For C is a projective line, so C − U is a finite set, denote it by {p 1 , · · · , p s }. For any fixed point p i , the open set p i ∪ V is affine (for the choice of V , p i ∪ V is not projective, it's affine and denote it by spec(B i )) and we can choose a nonzero regular function
Consider the morphism φ, we get the exact sequence:
From the flatness of (i × j) * F 1 | U ×p over C, for every point x ∈ C,
so E ′ | x×P 1 is a vector bundle for any point x ∈ C; consequently, E ′ is a vector bundle on C × P 1 . Now, let's go to see what happens by the above operation. For the point x ∈ U, consider the exact sequence:
where α
Repeat the above process, we can get a vector bundle G which has the generic splitting type (0 ⊕r ). From the process of the operations, G is different from E at finite fiber of π : X = C × P 1 → P 1 , so G| C×x is stable except for some finite points of P 1 . G define a rational map
which is equal to ϕ in an open subset of P 1 ; from the regularity of P 1 and the properness of U(r, L), it is actually a morphism P 1 → U(r, L). This morphism is equal to ϕ in an open subset of C, so it's actually ϕ. Now G has the generic splitting type (0 ⊕r ). If G has jumping lines
with the types (β
⊕r j n j different from (0 ⊕r ), and let G j denote the anti-ample summand of
Then we can perform the elementary transformation on G along X p j by taking F to be the kernel of the homomorphism ψ :
Lemma 3.3. [7, Lemma 2.2] Any torsion free sheaf E of rank r on a ruled surface f : X → C, with generic splitting type (0 ⊕r ), must have c 2 (E) ≥ 0 and c 2 (E) = 0 if and only if E = f * V where V is a locally free sheaf on C.
Lemma 3.4. The bundle F is of the type f * V where V is a vector bundle on C.
Proof. For simplicity, let's assume there is only one jumping line X p ,
with β n < · · · < β s < 0 and β s−1 ≥ 0. Now from the exact sequence (2.2), we can get c 2 (F )
where E is a sheaf over X p and i denote the embedding X p ֒→ X. I claim we can reduce to the case E is locally free over X p . If E has torsion T , consider the exact sequence:
Then H ′ has no jumping line; if not, there is an exact sequence:
Restrict the exact sequence to the fiber X p , for H ′ | Xp has a anti-ample summand, the restriction of the exact sequence cannot be right exact, so it's impossible. Now, we can replace H by H ′ , and E by E/T . Now, we can assume E is locally free over X p . Restrict the exact sequence (2.3) to X p , we get the following right exact sequence:
So E is a direct sum of ⊕ From the definition of generalized Hecke curve, it's the rational curve of M. Now, I prove that any rational curve is a generalized Hecke curve. Proof. By Lemma 3.1, there is vector bundle E such that ϕ(t) = E| C×{t} , where ϕ : P 1 → M denote the rational curve. By the proceeding statement, there is a vector bundle G with generic splitting type (0 ⊕r ) which defines the rational curve ϕ. Here, G| C×x is stable except for some finite points of P 1 . Restrict the sequence (2.2) to π −1 (x) = C × {x}, we get
be the homomorphisms between the fibers at p j induced by the sheaf injection V → G x in sequence (2.4). Then the kernel ker(ι x,p j ) is a l j -dimensional subspace of V p i , where l j is the rank of bundle G j . When x moves on
Then, in the way as (1.6), for any point
defines the given rational curve ϕ. That is, the given rational curve is a generalized Hecke curve.
lines on the moduli space M
Let's consider the case (r, d) = r firstly. [3] points out that M is generally covered by lines, and here I prove that M is covered by lines. We need some results from [3] . Definition 4.1. If a rational curve on ϕ : 
denote the set consisting of the above pairs (r 1 , r 2 ) by P . Let U C (r 1 , d 1 ) (resp. U C (r 2 , d 2 )) be the moduli space of stable vector bundles of rank r 1 (resp. d 2 ). Then, since (r 1 , d 1 ) = 1 and (r 2 , d 2 ) = 1, they are smooth projective varieties and there are universal vector bundle V 1 , V 2 on C × U C (r 1 , d 1 ) and C × U C (r 2 , d 2 ) respectively. Consider the morphism
. Then, since Hom(V 2 , V 1 ) = 0, G is a vector bundle of rank r 1 r 2 (g − 1) + (r, d). Let q(r 1 , r 2 ) : P(r 1 , r 2 ) = P(G) → R(r 1 , r 2 ) be the projective bundle parametrizing 1-dimensional subspace of G t (t ∈ R(r 1 , r 2 )) and f : C × P(r 1 , r 2 ) → C, π : C × P(r 1 , r 2 ) → P (r 1 , r 2 ) be the projections. Then there is a universal extension 
Consider the definition of (1, 1)-stability, W is not (1, 1) 
then the image of the line is a line of M by Lemma 4.3. Obvious, the above rational curve contains p.
For (r, d) < r, the lines of M fill up a closed subvariety; actually, the closed subvariety is the union of images under the morphism Φ(r 1 , r 2 ) ((r 1 , r 2 ) ∈ P ), denote it by S. Definition 4.5. [4, Section 2] For (r 1 , r 2 ) ∈ P , let's define S r 1 ,r 2 to be a subset of M as follows: Denote M (1,0) (resp. M (0,1) ) be the open subset of M consisting of points corresponding to (1, 0) (resp. (0.1)) stable vector bundles, and denote the supplement of
Proof. It is clear that the image of P(r 1 , r 2 ) under Φ(r 1 , r 2 ) is belong to S r 1 ,r 2 by definition. Conversely, for any point [W ] ∈ S r 1 ,r 2 , there is an exact sequence
where W i is of rank r i and degree
For the second result, we should use the so called Sun's degree formula (see the formula (2.1)). For a rational curve ϕ :
If ϕ is a line, we have c 2 (F ′ i ) = 0 for i = 0, · · · , n. If ϕ passing through a point which is (1.0) (resp. (0.1)) stable, then every term
is big than For r ≥ 4, I determine the number of the irreducible components and the dimension of each irreducible component when g > (r, d) + 1. Denote the number of the set P by s. For any pair (r 1 , r 2 ∈ P ), define
From the Semicontinuity Theorem, D(r 1 , r 2 ) is a closed subset of R(r 1 , r 2 ).
Lemma 4.9. [3, Proposition 4.6] For any ξ ∈ R(r 1 , r 2 )\R(r 1 , r 2 ) ∩ D(r 1 , r 2 ), the morphism Φ ξ : P ξ → M is an embedding. For any two different points ξ 1 , ξ 2 ∈ R(r 1 , r 2 ), the intersection of Φ ξ 1 (P ξ 1 ) and Φ ξ 2 (P ξ 2 ) has dimension zero, i.e., a finite set.
Remark 4.10. It's easy to check that for two points ξ 1 , ξ 2 ∈ R(r 1 , r 2 )\R(r 1 , r 2 ) ∩ D(r 1 , r 2 ), the intersection of Φ ξ 1 (P ξ 1 ) and Φ ξ 2 (P ξ 2 ) is empty.
consider the case dimS r 1 ,r 2 = dimS l 1 ,l 2 firstly. Without generality, assume dimS r 1 ,r 2 > dimS l 1 ,l 2 . If r 1 > r 2 , then r 2 < l 1 , l 2 < r 1 by the dimension computation. It's enough to show S r 1 ,r 2 doesn't contain S l 1 ,l 2 . For l 1 , l 2 ≥ 2, there exist ((r, d), 0)-stable bundle V 1 with rank l 1 and degree e 1 (e 1 satisfies l 1 d − le 1 = (r, d)), and ((r, d), 0)-stable bundle V 2 with rank l 2 and degree e 2 (e 2 satisfies e 1 + e 2 = d). Such a bundle V 1 doesn't admit any nontrivial morphism to a vector bundle with rank r 2 and degree d 2 ; such a bundle V 2 doesn't admit any nontrivial morphism to a vector bundle with rank r 2 and degree d 2 . Then for a point ξ = (
is stable vector bundle of rank r 1 (resp., r 2 ) and degree d 1 (resp., d 2 ). But V 1 is ((r, d), 0)-stable, there isn't nontrivial morphism from V 1 to W 2 ; this induces an injection V 1 → W 1 . Now, the two exact sequences induce a nontrivial morphism V 2 → W 2 , and this contradict the choice of V 2 . If r 1 < r 2 , the proof is similar using the dual version.
If dimS r 1 ,r 2 = dimS l 1 ,l 2 , then we have r 1 = l 2 , r 2 = l 1 from the dimension computation. It's enough to show S l 1 ,l 2 S r 1 ,r 2 for the case l 1 = l 2 . Let's consider the case l 1 < l 2 firstly. Choose a (0, (r, d))-stable (and ((r, d), 0)-stable) vector bundle V 2 with rank l 2 and degree e 2 , such a bundle doesn't admit a nontrivial morphism to a bundle with with rank l 1 and degree e 1 (It also doesn't admit any nontrivial morphism from a vector bundle with rank l 2 and degree e 2 ); fix a stable vector bundle V 1 with rank l 1 and degree e 1 . Then I claim the set Φ(
is not belong to S(r 1 , r 2 ). If not, there are exact sequences:
where W i is stable bundle with rank r i and degree d i for i = 1, 2. If V 1 ≇ W 2 , then Hom(V 1 , W 2 ) = 0; from this and the exact sequence, we can get an injection V 1 ֒→ W 1 . The injection induces a nontrivial morphism V 2 → W 2 , which contradict the choice of V 2 , so V 1 ∼ = W 2 . Meanwhile, we can get V 2 ∼ = W 1 using the dual version. By now, we get Φ(
at finite points. The following proof is similar to [3, Proposition 4.6] . r 2 ). Fix isomorphisms P ∼ = P ξ ∼ = P η and pull back the universal extensions to C × P
1 V 1 → 0 where p 1 : C × P → C, π : C × P → P are the projections. If the intersection Φ ξ (P ξ ) ∩ Φ η (P η ) has positive dimension, then there is a nonsingular projective curve Y → P such that on C × P such that on C × Y the pullback of above exact sequences It's rest to prove the claim. It's enough to find a bundle E of degree 1 with no integral section. For g = 2, X has a unique linear system g 1 2 of dimension 1 and degree 2 which defines a morphism f : C → P 1 . Choose two points x, y ∈ C satisfy f (x) = f (y) and another point z, then the bundle L(x + y − z) is a bundle of degree 1 with no integral section. If it's have integral section, then the system |x + y| has dimension 1. But it's not equal to g 1 2 , a contradiction.
